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ON HOMOGENEOUS DECOMPOSITION SPACES AND ASSOCIATED
DECOMPOSITIONS OF DISTRIBUTION SPACES
ZEINEB AL-JAWAHRI ANDMORTEN NIELSEN
ABSTRACT. A new construction of decomposition smoothness spaces of homoge-
neous type is considered. The smoothness spaces are based on structured and flex-
ible decompositions of the frequency space Rd\{0}. We construct simple adapted
tight frames for L2(R
d) that can be used to fully characterise the smoothness norm
in terms of a sparseness condition imposed on the frame coefficients. Moreover, it
is proved that the frames provide a universal decomposition of tempered distribu-
tions with convergence in the tempered distributions modulo polynomials. As an
application of the general theory, the notion of homogeneous α-modulation spaces
is introduced.
1. INTRODUCTION
A major benefit of using smooth wavelet bases is the fact that they are univer-
sally applicable in the sense that any tempered distribution has an expansion in
the basis. That is, any suitable function or tempered distribution can be decom-
posed in a corresponding wavelet series with convergence at least in the sense of
tempered distributions (possibly modulo polynomials), and the coefficients of the
wavelet series precisely capture the smoothness properties of the function or distri-
bution, see [17]. For example, it is known, see [17, 24], that suitable sparseness of a
wavelet expansion is equivalent to smoothness measured in a Besov space. The fact
that smoothness leads to sparse expansions has many important practical implica-
tions, e.g. for signal compression, where it is possible to use a sparse representation
of a function to compress that function simply by thresholding the expansion co-
efficients. Several now classical applications have shown that wavelets are well
suited to compress images with smoothness measured in a suitable Besov space,
see e.g. [8, 9].
While wavelet systems and related techniques such as the ϕ-transform, see [16,
17], are based on dyadic decompositions of the frequency domain Rd, the point we
would like to make in the present paper is that the dyadic decomposition itself does
not play the decisive role for obtaining nice universal decompositions of tempered
distributions capturing smoothness in the associated expansion coefficients. One
of the main contributions of this article shows that fairly general but structured de-
compositions of the frequency domain allow for any function or tempered distribu-
tion to be expanded in an associated compatible system. The systems constructed
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have atoms that form frames and combines features of both Gabor and wavelet sys-
tems reflecting the chosen decomposition of the frequency domain. With this more
general frame system we are able to analyse any function or tempered distribution
by examining the corresponding frame coefficients.
There has been considerable recent interest in analysing general representation
systems and associated general notions of smoothness, see e.g. [6,7,18,23] and refer-
ences therein. This is in part motivated by applications to signal and image process-
ing of generalized wavelet systems such as α-modulation frames, see [5, 14, 15, 33],
and Shearlet type systems, see [6,21–23]. The second generation systems are gener-
ally based onmodified decompositions of the frequency domain as compared to the
classical dyadic decompositions. One important implication is, however, that one
cannot directly capture coefficient sparseness in terms of smoothness measured on
the classical Besov scale associated since it is linked directly to a dyadic frequency
decomposition. This problem can be overcome by replacing the Besov scale by de-
composition smoothness spaces, see e.g. [1, 2, 19, 23].
The general theory of decomposition spaces was introduced by Feichtinger and
Gro¨bner, see [11, 12], where spaces based on decomposition of both the time and
frequency domain were considered. Triebel [27] showed that modulation spaces
are compatible with the decomposition approach. This later inspired a more gen-
eral treatment of decomposition smoothness spaces [1, 2]. In the same spirit, very
general homogeneous (anisotropic) Besov and Triebel-Lizorkin spaces were con-
sidered by Bownik [3] and by Bownik and Ho [4]. In a similar dyadic setup, a
general approach to homogeneous spaces has been studied in detail recently by
Triebel [29, 30].
A benefit of the decomposition space approach is also that anisotropic spaces
can be considered without any additional technical complications, but one specific
shortcoming of the decomposition space theory developed in [1, 2] is that it does
not allow one to decompose general tempered distributions. Moreover, it is not
immediately clear how to treat the case of homogeneous smoothness spaces with
frequency domain Rd\{0}. These issues will be addressed in the present paper,
where we will consider a general construction of homogeneous smoothness spaces
defined on Rd\{0}. The family of spaces which we consider are based on struc-
tured decomposition of the frequency space Rd\{0}. This way of defining smooth-
ness spaces makes it possible to find adapted tight frames for L2(R
d). Such frames
turn out to provide universal decompositions of tempered distributions with con-
vergence in the tempered distributions modulo polynomials. Moreover, atomic de-
compositions of the corresponding homogeneous smoothness spaces are obtained,
and the smoothness spaces can be completely characterized by a sparseness condi-
tion on the frame coefficients. This makes it possible to compress the elements of
such homogeneous smoothness spaces using the frame.
Another approach to homogeneous decomposition type smoothness spaces is to
use the framework of Coorbit-theory, see [13]. In the Coorbit-setting, homogeneous
spaces and associated stable expansions have been studied by Voigtlaender [31, 32]
and by Fu¨hr and Voigtlaender [18]. One marked difference between the Coorbit-
approach and the approach presented in this paper is that our coverings are not
constrained by any group theoretic structure.
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The outline of this paper is as follows. In Section 2 we introduce the general
setting of the paper. We begin by recalling basic definitions and properties of
anisotropic spaces and structured admissible coverings, and we close the section
by introducing a so-called hybrid regulation function. In Section 3 we construct
structured admissible coverings of Rd\{0}. The construction is generated using
open (anisotropic) balls in Rd\{0}. In Section 4 we provide the definition of ho-
mogeneous decomposition spaces and state some fundamental properties of these
spaces. The main contribution of the paper is found in Section 5, where we show
that any tempered distribution can be decomposed into a sum of compactly sup-
ported functions satisfying the conditions stated in Proposition 2.5. In Section 6 we
first construct a tight frame for L2(R
d) compatible with the structured admissible
coverings. We then provide the fundamental reproducing identity for tempered
distributions by means of the frame system. In Section 7 we show that the frame
system gives an atomic decomposition of the homogeneous decomposition spaces.
In Section 8 we provide an example on constructing a hybrid regulation function
and use the methods presented in Section 3 to obtain structured admissible cover-
ings of Rd\{0}. We show that the homogeneous Besov space corresponds to a spe-
cial case of the construction and we define a new class of homogeneous anisotropic
α-modulation spaces yielding a new homogeneous version of the α-modulation
spaces introduced by P. Gro¨bner [19]. Finally, in Appendix A we prove some tech-
nical lemmas used throughout the paper and Appendix B contains the proof of the
fundamental properties of homogeneous decomposition spaces.
Let us fix some of the notation used in this paper. We let F(f)(ξ) := fˆ(ξ) :=
(2π)−d/2
∫
Rd
f(x) e−ix·ξ dx, f ∈ L1(R
d) denote the Fourier transform with the usual
extension to L2(R
d). By F ≍ G we mean that there exists two constants 0 < c1 ≤
c2 < ∞ such that c1F ≤ G ≤ c2F . For two normed vector spaces X, Y we mean by
X →֒ Y that X ⊂ Y and ‖f‖Y ≤ C ‖f‖X for some C > 0 and for all f ∈ X .
2. THE GENERAL SETTING
In this section we introduce the notation needed to define homogeneous decom-
position spaces. The terminology is to a large degree inherited from Feichtinger
and Gro¨bner, see [11, 12], and from [1]. However, certain modifications have been
made to adapt to the homogeneous setup. In particular, in Section 2.3 we introduce
a new notion of a so-called hybrid regulation function needed to generate suitable
coverings of the frequency space Rd\{0}.
2.1. Anisotropic Norm. Since we will be working with anisotropic spaces, we first
provide a definition of the anisotropic norm | · |a. Let | · | denote the Euclidean norm
on Rd induced by the inner product 〈·, ·〉 and let a = (a1, . . . , ad) be an anisotropy
on Rd satisfying ai > 0 and
∑d
i=1 ai = d. For t > 0, the anisotropic dilation matrix
Da(t) is given by Da(t) := diag(t
a1 , . . . , tad). Based on [26, Proposition 1.7] we may
state the following definition.
Definition 2.1. We define the function | · |a : R
d → R+ by setting |0|a := 0 and for ξ ∈
Rd\{0}we set |ξ|a = t, where t is the unique solution to the equation |Da(1/t)ξ| = 1.
According to [26] we have the following standard properties of | · |a:
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(1) | · |a ∈ C
∞(Rd\{0}).
(2) There exists a constant K ≥ 1 such that
|ξ + ζ |a ≤ K(|ξ|a + |ζ |a), ∀ ξ, ζ ∈ R
d\{0}.
(3) For t > 0
|Da(t)ξ|a = t|ξ|a (1)
(4) For ξ ∈ Rd\{0}
c1|ξ|
α1 ≤ |ξ|a ≤ c2|ξ|
α2, if |ξ|a ≥ 1, and (2)
c3|ξ|
α2 ≤ |ξ|a ≤ c4|ξ|
α1, if |ξ|a < 1, (3)
where α1 denotes the smallest, and α2 the largest entry in a = (a1, . . . , ad).
The anisotropic norm | · |a from Definition 2.1 induces a quasi-distance d : R
d ×
Rd → [0,∞) given by d(ξ, ζ) := |ξ − ζ |a. Notice that (R
d\{0},d,dξ) is a space of
homogeneous type.
2.2. Structured Admissible Coverings. In this subsection we recall the notion of
structured admissible coverings, see [11, 13]. We say that a collection Q := {Qj}j∈J
of measurable subsets in Rd\{0} is an admissible covering of Rd\{0} if Rd\{0} =
∪j∈JQj andQ satisfy the finite overlap property. That is, if we define
j˜ := {i ∈ J : Qi ∩Qj 6= ∅}
to be the set of neighbours of Qj , then the number of neighbours of each set is
uniformly bounded. The structured coverings are a special class of admissible cov-
erings. The idea is, essentially, that each set Qj is an affine image Qj := Tj(Q) :=
AjQ + bj of a fixed set Q ⊂ R
d\{0}, where A ∈ GL(d,R) is an invertible matrix and
b ∈ Rd. We note that the coverings we consider are of the frequency domain Rd\{0}.
Definition 2.2. Let J 6= ∅ be a countable index set. Given a family T := {Tj}j∈J :=
{Aj · +bj}j∈J of invertible affine transformations on R
d. Suppose there exists two
bounded open sets P ⊂ Q ⊂ Rd\{0}, with P compactly contained in Q, such that
{Pj}j∈J and {Qj}j∈J are admissible coverings of R
d\{0}.
Also assume that there exists a constant K such that
(AjQ + bj) ∩ (AkQ+ bk) 6= ∅ ⇒
∥∥A−1k Aj∥∥ℓ∞(Rd×Rd) ≤ K. (4)
Then we call Q := {Qj}j∈J a structured admissible covering and {Tj}j∈J a struc-
tured family of affine transformations.
For later use it will be convenient to define |T | := |A| := | detA|. We also need
partitions of unity compatible with the coverings from Definition 2.2.
Definition 2.3. Let Q := {Qj}j∈J be a structured admissible covering of R
d\{0}. A
family Ψ = {ψj}j∈J of functions on R
d\{0} is called a bounded admissible partition
of unity (BAPU) for Q if
(1) supp(ψj) ⊂ Qj for all j ∈ J ,
(2)
∑
j∈J ψj(ξ) = 1 for all ξ ∈ R
d\{0},
(3) the constant Cp := supj∈J |Qj|
1/p−1 ‖F−1ψj‖Lp is finite for all p ∈ (0, 1].
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Remark 2.4. The constant Cp appearing in the third condition of Definition 2.3 is
required to be finite for all 0 < p ≤ 1 since we define homogeneous decomposition
spaces below based on the full range of Lp(R
d)-spaces, 0 < p ≤ ∞. However, if one
restricts attention to Lp-based spaces in the Banach regime, when 1 ≤ p ≤ ∞, then
only the “endpoint” condition, C1 <∞, is needed.
Given ψj ∈ Ψ, we define the Fourier multiplier ψj(D)f := F
−1(ψjFf) for f ∈
L2(R
d). By [28, Proposition 1.5.1] the conditions in Definition 2.3 ensure that all
band-limited functions f ∈ Lp(R
d), 0 < p ≤ ∞ satisfy
‖ψj(D)f‖Lp ≤ C ‖f‖Lp , ∀ j ∈ J. (5)
For a BAPU {ψj}j∈J associated with a structured admissible covering {Qj}j∈J we
define ψ˜j :=
∑
k∈j˜ ψk. For later use, we observe that ψjψ˜j = ψj .
An important consequence of Definition 2.2 is that any structured admissible cov-
ering admits a bounded admissible partition of unity.
Proposition 2.5. Let Q = {Qj}j∈J := {TjQ}j∈J be a structured admissible covering of
Rd\{0} and {Tj}j∈J a structured family of affine transformations. Then there exist
(i) A BAPU {ψj}j∈J ⊂ S(R
d) corresponding to {Qj}j∈J .
(ii) A system {ϕj}j∈J ⊂ S(R
d) satisfying
• supp(ϕj) ⊂ Qj , ∀j ∈ J, (6)
•
∑
j∈J
ϕ2j(ξ) = 1, ∀ξ ∈ R
d\{0}, (7)
• Cp := sup
j∈J
|Qj |
1/p−1
∥∥F−1ϕj∥∥Lp <∞, ∀p ∈ (0, 1].
Proof. The proof of Proposition 2.5 follows similar techniques as in [1, Proposition
1]. Notice that we have the equivalence |Pj| ≍ |Tj| ≍ |Qj| uniformly in j ∈ J . We
begin by proving (i). To construct a BAPU corresponding to the admissible covering
{Qj}j∈J we proceed as follows: Choose a non-negative function Φ ∈ C
∞(Rd) with
Φ(ξ) = 1 for all ξ ∈ P and supp(Φ) ⊂ Q. For j ∈ J , let gj(ξ) := Φ(T
−1
j ξ). Then
gj ∈ C
∞(Rd)\{0} with Pj ⊂ supp(gj) ⊂ Qj . Now, consider the (locally finite) sum
g(ξ) :=
∑
j∈J gj(ξ). Since {Qj}j∈J has finite height and {Pj}j∈J covers R
d\{0} we
have 1 ≤ g(ξ) ≤ N <∞ for all ξ ∈ Rd\{0}. For each j ∈ J we can therefore define
ψj(ξ) :=
gj(ξ)
g(ξ)
=
Φ(T−1j ξ)∑
j∈J Φ(T
−1
j ξ)
, ξ ∈ Rd\{0}. (8)
It follows that the function in (8) satisfies the first two properties in Definition 2.3.
Thus, in order to conclude we need to verify that supj |Tj|
1/p−1 ‖F−1ψj‖Lp < ∞, for
all p ∈ (0, 1]. For j ∈ J we define
hj(ξ) := ψj(Tjξ) =
Φ(ξ)
g(Tjξ)
. (9)
Setting f = F−1hj in Lemma A.1 we have fˆj(ξ) := hj(T
−1
j ξ) and fj(ξ) = F
−1ψj(ξ).
The lemma now implies ‖F−1ψj‖Lp = |Tj|
1−1/p ‖F−1hj‖Lp for 0 < p ≤ ∞. Let
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Tj = Aj ·+bj . Expanding the expression in (9) yields
hj(ξ) =
Φ(ξ)∑
L∈T Φ(L
−1Tjξ)
=
Φ(ξ)∑
L∈T Φ(L
−1(Ajξ + bj))
=
Φ(ξ)∑
k∈J Φ(A
−1
k Ajξ + A
−1
k bj − A
−1
k bk)
.
We consider ∂βhj . Let us first recall the formula∣∣∣∣∂β u(ξ)v(ξ)
∣∣∣∣ = ∑
|λ|≤|β|
k=1,...,2|β|
Cλ,βk
∣∣∣∣∂λu∂β−λvvk
∣∣∣∣ , (10)
for certain constants Cλ,βk . Let u(ξ) := Φ(ξ) and v(ξ) := Φ(A
−1
k Ajξ − A
−1
k bk + A
−1
k bj).
Since (10) represents a finite sum, and the denominator v(ξ) is a smooth function
which satisfies 1 ≤ v(ξ) ≤ N˜ for N˜ < ∞ it suffices to consider the numerator on
the right hand side of (10). We consider ∂ηv, where η := β − λ. An application of
the chain rule shows that ∂ηv =
∑
β:|β|=|η| pβ∂
βΦ, where pβ are monomials of degree
|η| in the entries of A−1k Aj . Combining this with the estimate in (4) and the fact that
supp(Φ) ⊂ Qwe have
|∂βhj(ξ)| ≤ CβK
|β|χQ(ξ), β ∈ N
d
0,
where Cβ is independent of j ∈ J . Since hj has compact support in Qj the integra-
tion by parts formula yields
∥∥F−1hj∥∥pLp = ∫
Rd
∣∣∣∣(2π)−d/2 ∫
Rd
hj(ξ) e
ix·ξ dξ
∣∣∣∣p dx
≤ Cd
 ∑
|β|≤⌈(d+1)/p⌉
∥∥∂βhj∥∥L1
p ∫
Rd
(1 + |x|)−d−1dx <∞.
This shows that the last property in Definition 2.3 is satisfied, hence proving that
{ψj}j∈J is a BAPU corresponding to the admissible covering {Qj}j∈J . By defining
ϕj(ξ) :=
gj(ξ)√∑
k∈J g
2
k(ξ)
, j ∈ J, (11)
we may use the same arguments as above to conclude that {ϕj}j∈J satisfies the
properties stated in Proposition 2.5, hence proving (ii). 
The system {ϕj}j∈J in Proposition 2.5 (ii), which in a sense defines the ”square
root” of a BAPU, will be used in the definition of homogeneous decomposition
spaces. However, before we can provide this definition we need to introduce a so-
called hybrid regulation function h˜ satisfying some growth conditions, needed to
ensure completeness of the homogeneous decomposition spaces.
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2.3. Hybrid Regulation Functions. One way to construct BAPUs suitable for the
construction of decomposition spaces is to define BAPUswith support contained in
anisotropic balls of the type {B(ξj, h(ξj))}, where h is a so-called regulation function
or weight. This approach was first considered by Feichtinger [11] and later used to
construct new inhomogeneous smoothness spaces, see [1,19]. General properties of
weights and regulation functions were studied by Feichtinger [10] and Gro¨chenig
[20].
Typical examples of regulation functions are hα(ξ) := |ξ|
α
a
for 0 ≤ α ≤ 1. How-
ever, this quite natural approach needs to be modified in a homogeneous setup due
to the fact that B(ξj, h(ξj)), in general, naturally “covers” the excluded frequency 0
when |ξ|a ≈ 0, since the prototype regulation functions generally have “too large”
values for small frequencies. To fix this problem, we introduce the notion of a hy-
brid regulation function. We begin by recalling the notion of d-moderateness.
Definition 2.6. Let (Rd\{0},d,dξ) be a space of homogeneous type. A function
h : Rd\{0} → (0,∞) is called d-moderate if there exist constants R, δ0 > 0 such that
d(ξ, ζ) ≤ δ0h(ξ) implies R
−1 ≤ h(ξ)/h(ζ) ≤ R for all ξ, ζ ∈ Rd\{0}.
We now provide the definition of a hybrid regulation function.
Definition 2.7. Take a non-negative ramp function ρ ∈ Cs for some s ≥ 1 satisfying
ρ(ξ) =

1 for 0 < |ξ|a ≤
2
3
0 for |ξ|a ≥
4
3
(12)
and define h˜ : Rd\{0} → (0,∞) as
h˜(ξ) = ρh1(ξ) + (1− ρ)h2(ξ),
where h1(ξ) and h2(ξ) are both d-moderate functions satisfying
c0|ξ|
r
a
≤ h1(ξ) ≤ c1|ξ|a, for some c0, c1 > 0 and r ≥ 1, (13a)
and
c2 ≤ h2(ξ) ≤ c3|ξ|a, for some c2, c3 > 0. (13b)
We call h˜ : Rd\{0} → (0,∞) a hybrid regulation function.
We will provide a specific example on constructing a hybrid regulation function
in Section 8. The following lemma shows that a hybrid regulation function satisfies
the condition of d-moderateness.
Lemma 2.8. Consider (Rd\{0},d,dξ) and let h˜ : Rd\{0} → (0,∞) be a hybrid regu-
lation function in the sense of Definition 2.7. Then h˜ is d-moderate.
Proof. Since h˜ is a hybrid regulation function, the functions h1, h2 are assumed to
be d-moderate. Thus, let δ10, R1 and δ
2
0, R2 be the constants associated to the d-
moderation of h1, h2, respectively. We will consider three different cases for ξ, ζ ∈
Rd\{0}.
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Case 1: Let 0 < |ξ|a < C <
2
3
for a suitable C to be specified later. Choose δ0 > 0 such
that δ0 ≤ min{δ
1
0, δ
2
0} and δ0c1 < 1. Let
|ξ − ζ |a ≤ δ0h1(ξ) ≤ c1δ0|ξ|a ≤ c1δ0C.
LetK ≥ 1 be the constant from the quasi triangle inequality for | · |a. Then
|ζ |a = |ξ + (ζ − ξ)|a ≤ K(|ξ|a + |ζ − ξ|a) ≤ K(C + c1δ0C).
Set C < 2/3
K(1+c1δ0)
, then |ζ |a ≤
2
3
. Thus, we have
R−11 ≤
h˜(ξ)
h˜(ζ)
=
h1(ξ)
h1(ζ)
≤ R1.
Case 2: Let C ≤ |ξ|a ≤ C2 for C2 ≥
8
3
K. This particular choice of C2 will be justified
in Case 3 below. Since the functions h1(ξ) and h2(ξ) are continuous onR
d\{0}
there exists constantsM1,M2 such thatM
−1
1 ≤ h1, h2 ≤M2 on C ≤ |ξ|a ≤ C2.
Choose δ0 > 0 such that δ0 ≤
C
max{c1,c3}C22K
and let
|ξ − ζ |a ≤ δ0h˜(ξ) ≤ δ0max{c1, c3}|ξ|a ≤ δ0max{c1, c3}C2.
Then
|ζ |a ≤ K(|ξ|a + |ζ − ξ|a) ≤ K(C2 + δ0max{c1, c3}C2) ≤ K
(
C2 +
C
2K
)
,
and
|ξ|a ≤ K(|ξ − ζ |a + |ζ |a) ⇔
|ζ |a ≥
|ξ|a
K
− |ξ − ζ |a ≥
C
K
− δ0 max{c1, c3}C2 ≥
C
2K
.
Thus, for C˜ ≤ C
2K
and C˜2 ≥ K
(
C2 +
C
2K
)
we have C˜ ≤ |ζ |a ≤ C˜2. By the same
arguments as above there exists constants M˜1, M˜2 such that M˜
−1
1 ≤ h1, h2 ≤
M˜2 on C˜ ≤ |ζ |a ≤ C˜2. Now chooseM = max{M1,M2, M˜1, M˜2}. Then
h˜(ξ)
h˜(ζ)
=
ρh1(ξ) + (1− ρ)h2(ξ)
ρh1(ζ) + (1− ρ)h2(ζ)
≤
ρM + (1− ρ)M
ρM−1 + (1− ρ)M−1
= M2,
and similarly
h˜(ξ)
h˜(ζ)
=
ρh1(ξ) + (1− ρ)h2(ξ)
ρh1(ζ) + (1− ρ)h2(ζ)
≥
ρM−1 + (1− ρ)M−1
ρM + (1− ρ)M
= M−2.
Case 3: Let |ξ|a > C2 and choose δ0 > 0. By decreasing the value of δ0, if needed, we
can assume that δ0c3 ≤
1
2K
. Let
|ξ − ζ |a ≤ δ0h2(ξ) ≤ δ0c3|ξ|a.
Then
|ξ|a ≤ K(|ξ − ζ |a + |ζ |a) ⇔
|ζ |a ≥
|ξ|a
K
− |ξ − ζ |a ≥ (
1
K
− δ0c3)|ξ|a ≥ (
1
K
− 1
2K
)|ξ|a ≥
1
2K
C2.
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Since C2 ≥
8
3
K we have |ζ |a ≥
4
3
. So, the d-moderation of h2 yields
R−12 ≤
h˜(ξ)
h˜(ζ)
=
h2(ξ)
h2(ζ)
≤ R2.
Thus, for R = max{R1,M,R2} we conclude that h˜ is d-moderate. 
Given a hybrid regulation function, we can construct a ”nice” admissible cover-
ing of Rd\{0} by open (anisotropic) balls. This will be considered in the following
section.
3. CONSTRUCTION OF STRUCTURED ADMISSIBLE COVERINGS
In this section we construct structured admissible coverings made up of open
(anisotropic) balls in (Rd\{0},d,dξ). We simplify the construction in the sense that
we use a suitable collection of d-balls to cover Rd\{0}. Another simplification is
that we choose the radius of a given ball in the cover as a suitable function of its
center. More specifically, we will use a hybrid regulation function for this purpose.
Another perhaps more technically involved approach based on group theory for
obtaining structured coverings of Rd\{0} is considered by Fu¨hr and Voigtlaender
in [18].
Lemma 3.1. Consider (Rd\{0},d,dξ) and let h˜ : Rd\{0} → (0,∞) be a hybrid regu-
lation function. Pick 0 < δ < δ0. Then
(1) there exist an admissible covering {Bd(ξj, δh˜(ξj))}j∈J of R
d\{0} and a con-
stant 0 < δ′ < δ such that {Bd(ξj, δ
′h˜(ξj))}j∈J are pairwise disjoint.
(2) Any two admissible coverings
{Bd(ξi, δ1h˜(ξi))}i∈I := {Ai}i∈I and {Bd(ζj, δ1h˜(ζj))}j∈J := {Bj}j∈J
of the type considered in (1) satisfy supi∈I #J(i) <∞ and supj∈J #I(j) <∞,
where
J(i) := {j | j ∈ J,Ai ∩ Bj 6= ∅}, I(j) := {i | i ∈ I,Bj ∩ Ai 6= ∅}.
Proof. The proof of Lemma 3.1 is a straightforward adaptation of [1, Lemma 5].
However, we include the proof of (1) for the sake of completeness. Fix 0 < δ < δ0
and let Uξ := Bd(ξ, δh˜(ξ)). Define ν(ξ) := {ζ ∈ R
d\{0} | Uξ ∩ Uζ 6= ∅}, and let
U ′ξ = ∪ζ∈ν(ξ)Uζ . Suppose η ∈ U
′
ξ. We would like to estimate d(ξ, η). Notice that
η ∈ Uζ for some Uζ with Uξ ∩ Uζ 6= ∅. Pick a point η0 ∈ Uξ ∩ Uζ . Using similar
arguments as in [1, Lemma 5] we find that
d(ξ, η) ≤ δKh˜(ξ)(1 + 2KR2), (14)
where K is the constant in the quasi triangle inequality for d and R is the constant
associated with h˜. Note that, since η was chosen as an arbitrary point in U ′ξ and h˜
satisfies h˜(ξ) ≤ c|ξ|a for some c > 0 and all ξ ∈ R
d\{0} (see Definition 2.7) it follows
that U ′ξ ⊂ Bd(ξ, R˜1δh˜(ξ)) ⊆ Bd(ξ, R˜1δc|ξ|a) for R˜1 := K(1 + 2KR
2) and for δ > 0
chosen such that R˜1δc < 1. Using Zorn’s Lemma, choose a maximal set {ξj}j∈J ⊂
Rd\{0} such that C1 := {Vξj}j∈J are pairwise disjoint, with Vξ := Bd(ξ,
δ
R˜1
h˜(ξ)). By
scaling the radii of the balls contained in C1 by a factor R˜1 and choosing δ > 0 such
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that R˜1δc < 1, it follows by (14) that Q = {Bd(ξj, δh˜(ξj))}j∈J covers R
d\{0}. What
remains is to show that for Q,#j˜ is uniformly bounded for all i ∈ J . Let m be a
constant satisfying 2m ≥ R˜1 and let µ denote the Lebesgue measure. Fix an i ∈ J .
Since µ satisfies a doubling condition we have
µ{Bd(ξj,
δ
R˜1
h˜(ξj))} ≥ A
−2mµ{Bd(ξj, R˜1δh˜(ξj))} ≥ A
−2mµ{Uξi},
for all j ∈ j˜. Now, since C1 are pairwise disjoint, we have
#j˜ ≤ sup
j∈j˜
µ{Bd(ξi, R˜1δh˜(ξi))}
µ{Bd(ξj,
δ
R˜1
h˜(ξj))}
≤ A2m
µ{Bd(ξi, R˜1δh˜(ξi))}
µ{Uξi}
≤ A3m.
This proves part (1). We refer the reader to [1, Lemma 5] for a proof of (2). 
Lemma 3.1 states that, given a hybrid regulation function there exists an admis-
sible covering of Rd\{0}. What remains is to show that the coverings are indeed
structured. We have the following result.
Proposition 3.2. Let the anisotropic norm | · |a : R
d\{0} → (0,∞) be given as in Defini-
tion 2.1 and suppose the quasi-distance d is induced by | · |a. Let h˜ be a hybrid regulation
function. Then
(1) the family Q = {Bd(ξj, δh˜(ξj))}j∈J given in Lemma 3.1 is a structured admissible
covering of Rd\{0}. Moreover, the covering is countable if the topology induced by
d is finer than the Euclidean topology on Rd.
(2) Any two such families of structured admissible coverings are equivalent in the sense
of [1, Definition 5]. That is, h˜ determines exactly one equivalence class of structured
admissible coverings.
Proof. Essentially, we can just follow the proof of [1, Theorem 3], but for the sake
of convenience we will give the details here. Set τ(·) := | · |a, let δ < δ0, and let
{ξj}j∈J ⊂ R
d\{0} be the points given in Lemma 3.1. Choose p0 such that the balls
P := Bd(p0, 1) and Q := Bd(p0, 2) satisfy P ∩ {0} = ∅ and Q ∩ {0} = ∅. Let
Tjξ = Ajξ + (ξj − p0), where Aj = Da(δh˜(ξj)).
Since τ satisfies (1) we have
τ(T−1j (ξ − p0)) = τ
(
Da
(
1
δh˜(ξj)
)
((ξ − p0)− (ξj − p0))
)
=
1
δh˜(ξj)
τ(ξ − ξj).
So
Pj = {ξ : τ(T
−1
j (p0 − ξ)) < 1} = {ξ : τ(ξ − ξj) < δh˜(ξj)} = Bd(ξj, δh˜(ξj)).
Now, using Lemma 3.1 it is not difficult to show that {Pj}j∈J and {Qj}j∈J are ad-
missible coverings of Rd\{0}. What remains is to verify that (4) holds. Using the
d-moderation of h˜ it follows that whenever Bd(ξj, δh˜(ξj)) ∩ Bd(ξi, δh˜(ξi)) 6= ∅, then
h˜(ξj) ≍ h˜(ξi) uniformly in j and i. Thus,
A−1j Ai = Da
(
δh˜(ξj)
)−1
Da
(
δh˜(ξi)
)
= Da
(
δh˜(ξj)
−1δh˜(ξi)
)
,
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and (4) holds. To prove countability of Q when the topology induced by d is finer
than the standard topology, we associate an Euclidean ball with rational radius and
center to each set in Q in such a way that these rational balls are pairwise disjoint.
We refer the reader to [1, Theorem 3] for a proof of (2). 
Proposition 3.2 ensures that we can construct a BAPU corresponding to the ad-
missible covering given in Lemma 2.8, provided that h˜ is a hybrid regulation func-
tion in the sense of Definition 2.7.
4. HOMOGENEOUS DECOMPOSITION SPACES
Based on coverings of the type considered in Section 3, we now give the follow-
ing definition of homogeneous decomposition spaces. Note that, by a Q-moderate
weight w on Rd\{0} we mean a strictly positive function satisfying w(ξ) ≤ Cw(ζ)
for some C > 0, all ξ, ζ ∈ Qj and all j ∈ J .
Definition 4.1. Assume Q := {Qj}j∈J is a structured admissible covering and let
{ϕ2j}j∈J be a corresponding BAPU for Q. Let h˜(ξj)
β, β ∈ R be a Q-moderate weight
on J induced by a hybrid regulation function h˜. For 0 < p, q ≤ ∞ and β ∈ R we let
M˙βp,q(h˜) consists of those distributions f ∈ S
′\P satisfying
‖f‖M˙βp,q(h˜) =
(∑
j∈J
(
h˜(ξj)
β
∥∥ϕ2j(D)f∥∥Lp)q
)1/q
<∞,
with the usual modification if q =∞.
In Proposition 4.2 we state some fundamental properties of homogeneous de-
composition spaces. We will see that the growth condition imposed on the hybrid
regulation function from Definition 2.7 is needed to ensure completeness of the
spaces. Before presenting the proposition we recall that S0(R
d) is a closed subspace
of the Schwartz class S(Rd), consisting of all functions ϑ ∈ S such that
‖ϑ‖M := sup
|β|≤M
sup
ξ∈Rd
|∂βϑˆ(ξ)|(|ξ|M + |ξ|−M) <∞ for any M ∈ N. (15)
Moreover, S ′\P is the set of all continuous linear functionals on S0(R
d).
Proposition 4.2. Let h˜ be a hybrid regulation function. For 0 < p, q ≤ ∞ and β ∈ R we
have
(1) The continuous embeddings
S0 →֒ M˙
β
p,q(h˜) →֒ S
′\P. (16)
(2) M˙βp,q(h˜) is a quasi-Banach space (Banach space if 1 ≤ p, q).
(3) If 0 < p <∞ and 0 < q <∞ then the space S0(R
d) is dense in M˙βp,q(h˜).
The proof of Proposition 4.2 can be found in Appendix B.
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5. DISTRIBUTIONAL CONVERGENCE
In this section we consider expansions of any tempered distribution f in terms of
the system from Proposition 2.5 (ii). We begin by defining an ordering on the index
set J . Since J is countable we can assume J = Z. We define an ordering on J = Z
by associating Z+ with J2, where
J2 :=
{
j ∈ J : Bd(ξj, δh˜(ξj)) ∩Bd (0, C) = ∅
}
,
with the value ofC specified in the proof of Lemma 2.8. Put J1 = J\J2 and associate
Z− with J1. We shall in the rest of this paper assume that, for an affine transforma-
tion Tj = Aj ·+bj , the matrix Aj is given as Aj := Da(δh˜(·)), where Da(·) is defined
in Section 2.
The following lemma provides a universal decomposition of tempered distribu-
tions relative to the system from Proposition 2.5 (ii).
Lemma 5.1. Let Q := {Bd(ξj, δh˜(ξj))}j∈J be a structured admissible covering of
Rd\{0} and let the system {ϕj}j∈J ⊂ S(R
d) be defined as in Proposition 2.5 (ii). For
any tempered distribution f ∈ S ′(Rd) we have
f =
∑
j∈J1
ϕˇ2j ∗ f +
∑
j∈J2
ϕˇ2j ∗ f, (17)
where the convergence of the series are in S ′/P . To be more precise, this means
there exists a constant p depending only on the order of the distribution fˆ , a se-
quence of polynomials {Pk}
∞
k=1 ⊂ P with degPk ≤ p, and P ∈ P , such that
f = lim
k,K→∞
(
K∑
j=−k
ϕˇ2j ∗ f + Pk
)
+ P,
where the convergence of the series is in S ′.
Remark 5.2. The proof of Lemma 5.1 given below will show that one has a similar
convergence result for BAPUs associated with the inhomogeneous decomposition
spaces considered in [1, Proposition 1].
To prove Lemma 5.1 we will need the following proposition, which was stated by
Peetre in [25] in a related context. A proof of the result can be found in [4, Section
6].
Proposition 5.3. Suppose {fi}i∈N is a sequence of distributions in S
′(Rd) and p ≥ 0 is
an integer. Assume that for every multi-index γ with |γ| = p + 1, the sequence of partial
derivatives {∂γfi} converges in S
′ as i → ∞. Then there exists a sequence of polynomials
{Pi}i∈N with degPi ≤ p such that {fi + Pi} converges to some distributions f ∈ S
′ as
i→∞.
Proof of Lemma 5.1. Take an arbitrary f ∈ S ′. Then fˆ ∈ S ′. Hence, fˆ is a bounded
functional with respect to the semi-norm on S(Rd) and is therefore of finite order.
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We assume fˆ has order ≤ m. More precisely, there exists an integer l ≥ 0 and a
constant C such that∣∣∣〈fˆ , ψ〉∣∣∣ ≤ C sup
|α|≤l,|β|≤m
‖ψ‖α,β , for all ψ ∈ S, (18)
where ‖ψ‖α,β := supx∈Rd |x
α||∂βψ(x)| for every multi-indices α, β ∈ Nd0.
To show convergence of the series in (17) we consider two cases.
Case 1: Let j ∈ J2. The support of ϕj satisfies
supp(ϕj) ⊂ {ξ ∈ Bd(ξj, δh˜(ξj)) : |ξ − ξj|a ≤ δh˜(ξj)}. (19)
To show that the series
∑
j∈J2
ϕˇ2j ∗ f converges in S
′, we use that the Fourier
transform is an isomorphism of S ′. This allows us to consider convergence
of the series
∑
j∈J2
ϕ2j fˆ in S
′. Since ϕ2jψ ∈ S we have by (18),∣∣∣〈ϕ2j fˆ , ψ〉∣∣∣ = ∣∣∣〈fˆ , ϕ2jψ〉∣∣∣ ≤ C sup
|α|≤l,|β|≤m
∥∥ϕ2jψ∥∥α,β . (20)
We consider ∂βϕ2j , where ϕj is defined in (11). Let u(ξ) := Φ
2(A−1j ξ − A
−1
j bj),
v(ξ) :=
∑
k∈J2
Φ2(A−1k ξ − A
−1
k bk) and recall the formula in (10). By the same
arguments as in the proof of Proposition 2.5, it suffices to consider the nu-
merator of the expression on the right hand side of (10). Applying the chain
rule shows that sup|λ|=s1 |∂
λu| ≤ Cλ
∥∥A−1j ∥∥s1 sup|λ|=s1 |∂λΦ2|. Since a similar
estimate holds for sup|β−λ|=s2 |∂
β−λv|we have
sup
|β|=s1+s2=s
|∂βϕ2j | ≤ C
∥∥A−1j ∥∥s sup
|β|=s
|∂βΦ2|.
Since j ∈ J2, there exists a constant M < ∞ such that M
−1 ≤ h˜(ξj) for all
j ∈ J2 (see the proof of Lemma 2.8). This implies that each entry in A
−1
j is
uniformly bounded, thus the norms
∥∥A−1j ∥∥ are uniformly bounded for all
j ∈ J2. Using this together with Leibniz’s formula and (19) yields
sup
|α|≤l,|β|≤m
∥∥ϕ2jψ∥∥α,β ≤ sup
ξ∈Rd
(1 + |ξ|)l sup
|β|≤m
|∂βϕ2j(ξ)ψ(ξ)|
≤ C sup
ξ∈Rd
(
(1 + |ξ|)l sup
|β|≤m
|∂βϕ2j (ξ)| · sup
|β|≤m
|∂βψ(ξ)|
)
≤ C sup
ξ∈Bd(ξj ,δh˜(ξj))
(1 + |ξ|)l sup
|β|≤m
|∂βψ(ξ)|
≤ C sup
|α|≤l+d+1,|β|≤m
‖ψ‖α,β sup
ξ∈Bd(ξj ,δh˜(ξj))
(1 + |ξ|)−d−1.
Now we need to sum over J2. But for ξ ∈ Bd(ξj, δh˜(ξj)) we have
∑
j∈J2
(1 +
|ξ|)−d−1 < ∞ since the covering Q has finite height and h˜(ξj) ≥ M
−1 for
j ∈ J2. Combining this with (20) shows that the series
∑
j∈J2
ϕ2j fˆ converges
in S ′.
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Case 2: Let j ∈ J1 and note by definition of J1 that h˜(ξj) = h1(ξj) for all j ∈ J1. Thus
the support of ϕj satisfies
supp(ϕj) ⊂ {ξ ∈ Bd (ξj, δh1(ξj)) : |ξ − ξj|a ≤ δh1(ξj)}. (21)
To use the result of Proposition 5.3 we must show that for sufficiently large
p, the series
∑
j∈J1
∂γ(ϕˇ2j ∗f) converges in S
′ for every multi-index |γ| = p+1.
Again, since the Fourier transform is an isomorphism of S ′, this is equivalent
to proving that the series
∑
j∈J1
ξγϕ2j fˆ converges in S
′ with |γ| = p+1. Recall
that h1 satisfies h1(ξ) ≥ c0|ξ|
r
a
for some c0 > 0 and r ≥ 1 (see Definition 2.7).
Using the formula in (10) we have
sup
|β|=s
∣∣∂βϕ2j(ξ)∣∣ ≤ C ∥∥A−1j ∥∥s sup
|β|=s
|∂βΦ2| ≤ C|ξj|
−rd·s
a
sup
|β|=s
|∂βΦ2|, (22)
where d =
∑d
i=1 ai. Choose any integer p > α2(rd+ rdm) +m− 1, where α2
is the value occurring in (3). Using (22) together with (21) we have
sup
|α|≤l,|β|≤m
∥∥ξγϕ2jψ∥∥α,β
≤ sup
ξ∈Rd
(1 + |ξ|)l sup
|β|≤m
∣∣∂βξγϕ2j(ξ)ψ(ξ)∣∣
≤ C sup
0≤k≤m
sup
ξ∈Rd
(
(1 + |ξ|)l|ξ|p+1−k sup
|β|≤m−k
|∂βϕ2j (ξ)| · sup
|β|≤m−k
|∂βψ(ξ)|
)
≤ C sup
0≤k≤m
|ξj|
−rd(m−k)
a
sup
|α|≤l,|β|≤m
‖ψ‖α,β sup
ξ∈Bd(ξj ,δh1(ξj))
|ξ|p+1−k
≤ C sup
0≤k≤m
|ξj|
−rd(m−k)+1/α2(p+1−k)
a
sup
|α|≤l,|β|≤m
‖ψ‖α,β , (23)
where we in the last step used (3) and the fact that h1(ξ) is d-moderate.
Now we need to sum over J1. Note that, by construction of the covering,
|Bd(0, C)| ≍
∑
j∈J1
h1(ξj)
d. So
∑
j∈J1
|ξj|
rd
a
≤ c|Bd(0, C)| < ∞. Therefore, by
(20) and (23) we have, for any |γ| = p+ 1 and by our choice of p that∣∣∣〈ξγϕ2j fˆ , ψ〉∣∣∣ = ∣∣∣〈fˆ , ξγϕ2jψ〉∣∣∣ ≤ C sup
|α|≤l,|β|≤m
∥∥ξγϕ2jψ∥∥α,β <∞.
Because |γ| = p+1 is arbitrary we conclude by Proposition 5.3 that there ex-
ists a sequence of polynomials {Pk} such that {
∑−1
j=−k ϕˇ
2
j ∗ f +Pk} converges
in S ′ as k →∞.
Combining the above shows that {
∑K
j=−k ϕˇ
2
j ∗f+Pk} converges to some distribution
f0 ∈ S
′ as k,K → ∞. Using that
∑
j∈J ϕ
2
j(ξ) = 1 it follows that supp(fˆ − fˆ0) = {0}
by testing against ψ ∈ S with 0 /∈ supp(ψ). Hence we conclude that there exists a
polynomial P such that f = f0 + P . This completes the proof. 
In the following section we will construct a tight frame system for L2(R
d) and use
the result of Lemma 5.1 to show that any function or tempered distribution has an
expansion in terms of the aforementioned system.
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6. TIGHT FRAMES
Here we construct tight frames for L2(R
d) adapted to a given structured admissi-
ble covering based on the system from Proposition 2.5 (ii). The method used below
to construct tight frames for L2(R
d) was first introduced in [1].
Assume Q = {Qj}j∈J is a structured admissible covering of R
d\{0}. Let Ka be a
cube inRd (aligned with the coordinate axes) with side-length 2a satisfyingQ ⊆ Ka.
We define
en,j(ξ) := (2a)
−
d
2 |Tj|
−
1
2χKa(T
−1
j ξ) e
i
π
a
n·T−1j ξ, n ∈ Zd, j ∈ J, (24)
and
ηˆn,j := ϕjen,j, n ∈ Z
d, j ∈ J,
with ϕj given in Proposition 2.5 (ii). We can also obtain an explicit representation of
ηn,j in direct space. Let Tj = Aj ·+bj and define µˆj(ξ) := ϕj(Tjξ). Then, by a simple
substitution we find that
ηn,j(x) = (2a)
−d/2|Tj|
1/2 eix·bj µj(
π
a
n + ATj x). (25)
Since ϕj ∈ S(R
d) has compact support inQj , all of its partial derivatives are contin-
uous and have compact support. Therefore |∂βµˆj(ξ)| = |∂
βϕj(Tjξ)| ≤ CβχQj(ξ) for
every β ∈ Nd. Thus, we have
|µj(x)| =
∣∣F−1ϕj(Tjx)∣∣ ≤ C|(ix)−|β|| ∫
Rd
∣∣∂βµˆj(ξ)∣∣dξ.
Now, for any N ∈ N we sum over |β| ≤ N and use that
∑
|β|≤N
∣∣xβ∣∣ ≍ (1 + |x|)N to
obtain
|µj(x)| ≤ C(1 + |x|)
−N
∑
|β|≤N
∥∥∂βµˆj∥∥L1 ≤ CN(1 + |x|)−N , (26)
with CN a constant that is independent of j ∈ J . We next verify that the system
{ηn,j}n∈Zd,j∈J constitutes a tight frame for L2(R
d). Note that, since {en,j}n∈Zd,j∈J
forms an orthonormal basis for L2(Tj(Ka)) and supp(ϕj) ⊂ Tj(Ka) we have∑
n∈Zd
|〈f, ηn,j〉|
2 =
∑
n∈Zd
∣∣∣〈ϕj fˆ , en,j〉∣∣∣2 = ∥∥∥ϕj fˆ∥∥∥2
L2
.
Using that {ϕ2j}j∈J is a partition of unity yields∑
j∈J
∑
n∈Zd
|〈f, ηn,j〉|
2 =
∑
j∈J
∥∥∥ϕj fˆ∥∥∥2
L2
=
∫
Rd
∑
j∈J
ϕ2j (ξ)|fˆ(ξ)|
2dξ = ‖f‖2L2 .
We can also obtain the frame expansion of fˆ directly. Note that
ϕj fˆ =
∑
n∈Zd
〈
ϕj fˆ , en,j
〉
en,j =
∑
n∈Zd
〈
fˆ , ηˆn,j
〉
en,j ,
so
ϕ2j fˆ =
∑
n∈Zd
〈
fˆ , ηˆn,j
〉
ϕjen,j =
∑
n∈Zd
〈
fˆ , ηˆn,j
〉
ηˆn,j. (27)
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Again, since {ϕ2j}j∈J is a partition of unity we have
fˆ =
∑
j∈J
ϕ2j fˆ =
∑
j∈J
∑
n∈Zd
〈
fˆ , ηˆn,j
〉
ηˆn,j.
Remark 6.1. The above arguments shows that we obtain a tight frame for L2(R
d)
regardless of the choice of cubeKa as long as Q ⊆ Ka, and all we need is a partition
of unity to be able to construct frames for L2(R
d).
Using the tight frame {ηn,j}n∈Zd,j∈J we state the following result.
Proposition 6.2. Suppose Ka is a cube in R
d (aligned with the coordinate axes) with side-
length 2a satisfying Q ⊆ Ka. If g ∈ S
′(Rd), h ∈ S(Rd) and
supp(gˆ), supp(hˆ) ⊂ Tj(Ka), for some j ∈ J,
then
(g ∗ h)(x) =
∑
n∈Zd
(2a)−d|Tj|
−1g(−T−1j
π
a
n)h(T−1j
π
a
n− x), (28)
where the series converges in S ′. Consequently, if ϕj satisfy (6), (7), then, for any f ∈ S
′\P
we have
f =
∑
j∈J
∑
n∈Zd
〈f, ηn,j〉ηn,j, (29)
where the convergence of the series is in S ′\P . To be more precise, this means there exists a
sequence of polynomials {Pk}
∞
k=1 ⊂ P and P ∈ P such that
f = lim
k,K,N→∞
(
K∑
j=−k
N∑
n=−N
〈f, ηn,j〉ηn,j + Pk
)
+ P,
with convergence in S ′.
Proof. The proof of Proposition 6.2 is an adaptation of [4, Lemma 2.8]. We begin by
considering g ∈ S(Rd). Since the functions in (24) constitute an orthonormal basis
for L2(Tj(Ka)), we can expand gˆ in this basis,
gˆ(ξ) =
∑
n∈Zd
(2a)−d|Tj|
−1
(∫
Tj(Ka)
gˆ(ζ) ei(−T
−1
j
π
a
n)·ζ dζ
)
eiT
−1
j
π
a
n·ξ . (30)
Since gˆ has compact support in Tj(Ka) we may integrate over R
d in the above in-
tegral without affecting the expression. Hence, with the use of Fourier’s inversion
formula we find that
gˆ(ξ) =
∑
n∈Zd
(2a)−d|Tj |
−1(2π)d/2g(−T−1j
π
a
n) eiT
−1
j
π
a
n·ξ, for ξ ∈ Tj(Ka).
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Since supp(hˆ) ⊂ Tj(Ka), wemay replace gˆ by its periodic extension without altering
the product gˆhˆ. Using that g ∗ h = (gˆhˆ)ˇwe obtain
(g ∗ h)(x) =
∑
n∈Zd
(2a)−d|Tj|
−1(2π)d/2g(−T−1j
π
a
n)
(
eiT
−1
j
π
a
n·ξ hˆ(ξ)
)ˇ
(x)
=
∑
n∈Zd
(2a)−d|Tj|
−1g(−T−1j
π
a
n)h
(
T−1j
π
a
n− x
)
. (31)
Using the expansion (31) we now consider the case of a general distribution g ∈
S ′. Since gˆ ∈ S ′(Rd) has compact support in the Fourier domain, g is a regular
distribution, i.e. g is at most of polynomial growth. Let δ > 0 and set gδ(x) =
γ(δx)g(x), where γ ∈ S(Rd) satisfies γ(0) = 1, and supp(γˆ) is compact. Then gδ(x) ∈
S(Rd), so by (31) we have
(gδ ∗ h)(x) =
∑
n∈Zd
(2a)−d|Tj|
−1gδ(−T
−1
j
π
a
n)h(T−1j
π
a
n− x).
Because of the growth behaviour of g, we may use Lebesgue’s dominated conver-
gence theorem. Thus, taking the limit as δ → 0 we obtain (28) with pointwise
convergence in S ′.
Now, to show (29) take any j ∈ J , let gˆ = fˆϕj and hˆ = ϕj . By (28), or as seen
more directly by (30), we have
f ∗ ϕˇj ∗ ϕˇj = (fˆϕ
2
j)
ˇ=
∑
n∈Zd
〈f, ηn,j〉ηn,j, for f ∈ S
′.
By summing the above over j ∈ J and using Lemma 5.1 together with (6) and (7)
we obtain (29). Hence the proof is completed. 
Remark 6.3. It follows directly from the proof of Proposition 6.2 that one has a simi-
lar distributional convergence result for the frames considered in [1] associatedwith
inhomogeneous decomposition spaces. In fact, in the inhomogeneous case, there is
no need to add polynomials to induce convergence and one will have convergence
of the corresponding expansion (29) in the sense of tempered distributions.
7. CHARACTERIZATION OF M˙βp,q(h˜)-SPACES
The goal of this section is to show that the tight frame {ηn,j}n∈Zd,j∈J from Section
6 gives an atomic decomposition of the homogeneous decomposition spaces. By
this we mean that the canonical coefficient operator is bounded on M˙βp,q(h˜) into a
suitable coefficient space on which there is a bounded reconstruction operator. We
begin with the following lemma, which later will be used to show that it is possible
to express the M˙βp,q(h˜)-norm by the canonical frame coefficients.
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Lemma 7.1. Given f ∈ S0(R
d). For 0 < p ≤ ∞ there exists Cp, C
′
p <∞, such that(∑
n∈Zd
|〈f, ηn,j〉|
p
)1/p
≤ Cp|Tj |
1/p−1/2
∥∥ϕ˜2j (D)f∥∥Lp , and
∥∥ϕ2j(D)f∥∥Lp ≤ C ′p|Tj |1/2−1/p
(∑
n∈Zd
|〈f, ηn,j〉|
p
)1/p
,
with norm equivalence independent of j ∈ J . When p = ∞ the sum over n ∈ Zd is
changed to sup.
Proof. The proof of Lemma 7.1 is an adaptation of [1, Lemma 2], which is included
for the sake of completeness. Using the estimate derived in (26) together with the
representation (25) we have
sup
x∈Rd
‖{ηn,j(x)}n∈Zd‖ℓp ≤ Cp|Tj |
1/2 and (32)
sup
n∈Zd
‖ηn,j‖Lp ≤ C
′
p|Tj|
1/2−1/p. (33)
Suppose p ≤ 1. Since supp(ηˆn,j) ⊂ Tj(Ka) and supp(ϕ˜
2
j) ⊂ ∪k∈j˜Tk(Ka) ⊂ Tj(Ka′),
whereKa′ is a cube with side-length 2a
′ we have supp((ϕ˜2j ∗ ηˆn,j)(Tj·)) ⊂ K2a, a cube
with side-length 4a. With fˆ(ξ) =
(
ϕ˜2j ∗ ηˆn,j
)
(Tj(ξ))we use Lemma A.2 to obtain∑
n∈Zd
|〈f, ηn,j〉|
p =
∑
n∈Zd
∣∣〈ϕ˜2j (D)f, ηn,j〉∣∣p ≤ ∑
n∈Zd
∥∥(ϕ˜2j (D)f)ηn,j∥∥pL1
≤ Cp|Tj |
1−p
∑
n∈Zd
∥∥(ϕ˜2j(D)f)ηn,j∥∥pLp ≤ Cp|Tj |1−p2 ∥∥ϕ˜2j (D)f∥∥pLp ,
where we used (32) in the final step. This proves the first inequality in the lemma for
p ≤ 1. Now, to prove the other estimate suppose first p ≤ 1. Using the expression
in (27) we have∥∥ϕ2j(D)f∥∥pLp =
∥∥∥∥∥F−1
(∑
n∈Zd
〈
fˆ , ηˆn,j
〉
ηˆn,j
)∥∥∥∥∥
p
Lp
≤
∑
n∈Zd
|〈f, ηn,j〉|
p ‖ηn,j‖
p
Lp
≤ C ′p|Tj |
p
2
−1
∑
n∈Zd
|〈f, ηn,j〉|
p.
This proves the lemma for p ≤ 1. For 1 < p < ∞ the estimates follows using (32)
and (33) for p = 1 together with Ho¨lder’s inequality. We leave the case p = ∞ for
the reader. 
We now consider a characterization of the homogeneous decomposition spaces
M˙βp,q(h˜) in terms of the canonical frame coefficients. For notational convenience let
ηpn,j := |Tj |
1/2−1/pηn,j . Then η
p
n,j denotes the function ηn,j ”normalized” in Lp(R
d) for
p ∈ (0,∞]. We now combine Proposition 6.2, Lemma 7.1, and the fact that S0(R
d) is
dense in M˙βp,q(h˜) (see Proposition 4.2) to conclude that the following result holds.
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Proposition 7.2. Every tempered distribution modulo polynomials, f ∈ S ′\P has an ex-
pansion of the form
f =
∑
j∈J
∑
n∈Zd
〈
f, ηpn,j
〉
ηpn,j, (34)
with convergence in S ′\P . Moreover, given 0 < p, q ≤ ∞ and β ∈ R we have the
characterization
‖f‖M˙βp,q(h˜) ≍
∥∥∥∥∥∥
h˜(ξj)β
(∑
n∈Zd
∣∣〈f, ηpn,j〉∣∣p
)1/p
j∈J
∥∥∥∥∥∥
ℓq
, (35)
where the constants of the equivalence depend on p and q. For p =∞ the sum over n ∈ Zd
is changed to sup.
Inspired by Proposition 7.2 let us define the following coefficient space.
Definition 7.3. Given 0 < p, q ≤ ∞ and β ∈ R, we define the space m˙βp,q(h˜) as the
set of coefficients c = {cn,j}n∈Zd,j∈J ⊂ C satisfying
‖c‖m˙βp,q(h˜) :=
∥∥∥∥∥∥
h˜(ξj)β+ d2− dp
(∑
n∈Zd
|cn,j|
p
)1/p
j∈J
∥∥∥∥∥∥
ℓq
<∞
Note that the characterization (35) in Proposition 7.2 ensures that the canoni-
cal coefficient operator C : M˙βp,q(h˜) → m˙
β
p,q(h˜) is bounded and that the norms in
M˙βp,q(h˜) and m˙
β
p,q(h˜) are equivalent. Now, if we can verify the existence of a bounded
reconstruction operator R : m˙βp,q(h˜) → M˙
β
p,q(h˜) we have shown that the system
{ηn,j}n∈Zd,j∈J gives an atomic decomposition of the homogeneous decomposition
spaces. The following lemma gives a way to define such an operator.
Lemma 7.4. Given 0 < p, q ≤ ∞ and β ∈ R. For any finite sequence {cn,j}n∈Zd,j∈J of
complex numbers we have∥∥∥∥∥∥
∑
n∈Zd,j∈J
cn,j|Tj|
1/p−1/2ηn,j
∥∥∥∥∥∥
M˙βp,q(h˜)
≤ C
∥∥{cn,j}n∈Zd,j∈J∥∥m˙βp,q(h˜) .
Proof. Since finite sequences are dense in ℓq we may assume {cn,j′}n∈Zd,j′∈J is finite.
Let f =
∑
n∈Zd,j′∈J cn,j′ηn,j′. For j ∈ J we have∥∥ϕ2j(D)f∥∥Lp =
∥∥∥∥∥∥ϕ2j (D)
∑
j′∈j˜
∑
n∈Zd
cn,j′η˜n,j′
∥∥∥∥∥∥
Lp
≤ C
∑
j′∈j˜
∥∥∥∥∥∑
n∈Zd
cn,j′ηn,j′
∥∥∥∥∥
Lp
, (36)
where the last inequality follows since ϕ2j(D) satisfies (5). Now, since ηn,j′ satisfies
the inequalities (32) and (33) we use the same technique as in the proof of Lemma
7.1 to obtain∥∥∥∥∥∑
n∈Zd
cn,j′ηn,j′
∥∥∥∥∥
Lp
≤ C|Tj′|
1/2−1/p ‖{cn,j′}n∈Zd‖ℓp , 0 < p ≤ ∞, (37)
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uniformly in j ∈ J . Combining (36) and (37) and rearranging terms we get∥∥ϕ2j(D) (f |Tj′|1/p−1/2)∥∥Lp ≤ C∑
j′∈J˜
‖{cn,j′}n∈Zd‖ℓp . (38)
Using (38) we obtain∥∥∥∥∥∥
∑
n∈Zd,j∈J
cn,j|Tj|
1/p−1/2ηn,j
∥∥∥∥∥∥
M˙βp,q(h˜)
≤ C
∑
j∈J
h˜(ξj)β∑
j′∈J˜
‖{cn,j′}n∈Zd‖ℓp
q1/q
≤ C
∥∥{cn,j}n∈Zd,j∈J∥∥m˙βp,q(h˜) .
This proves the lemma. 
We can now verify that {ηn,j}n∈Zd,j∈J gives an atomic decomposition of the ho-
mogeneous decomposition spaces. We define the coefficient operator C : M˙βp,q(h˜)→
m˙βp,q(h˜) byCf =
{〈
f, ηpn,j
〉}
n,j
and the reconstruction operatorR : m˙βp,q(h˜)→ M˙
β
p,q(h˜)
by {cn,j}n,j →
∑
n,j cn,j|Tj|
1/p−1/2ηn,j .
Theorem 7.5. Given 0 < p, q ≤ ∞ and β ∈ R. Then the coefficient operator C and the
reconstruction operator R are both bounded and makes M˙βp,q(h˜) a retract of m˙
β
p,q(h˜), i.e.
RC = IdM˙βp,q(h˜). In particular, for p ≥ 1, {ηn,j}n∈Zd,j∈J gives an atomic decomposition of
the homogeneous decomposition spaces M˙βp,q(h˜).
Proof. It follows from Proposition 7.2 that the coefficient operator C is a bounded
linear operator and by extending Lemma 7.4 to infinite sequences it can easily be
verified that the reconstruction operator R is a bounded linear operator. Thus we
can illustrate the retract result of Theorem 7.5 by the following commuting diagram.
M˙βp,q(h˜) M˙
β
p,q(h˜)
m˙βp,q(h˜)
C
Id
M˙
β
p,q(h˜)
R

We end this section with an interesting corollary to the characterization (35) given
in Proposition 7.2.
Corollary 7.6. We have the following (quasi)-norm equivalence on M˙βp,q(h˜).
‖f‖M˙βp,q(h˜) ≍ inf
{
‖{cn,j}n,j‖m˙βp,q(h˜) : f =
∑
n,j
cn,j|Tj|
1/p−1/2ηn,j
}
.
The corollary shows that the canonical frame coefficients
{〈
f, ηpn,j
〉}
n,j
are (up
to a constant) the sparsest choice for expanding f as in (34), in the way that they
minimize the m˙βp,q(h˜)-norm.
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8. HOMOGENEOUS ANISOTROPIC α-MODULATION SPACES
In this section we provide an example of what we consider the natural extension
of α-modulation spaces to the homogeneous setting. We will need a hybrid regula-
tion function as defined in Definition 2.7. We use a quasi-distance d(ξ, ζ) := |ξ− ζ |a
induced by the anisotropic norm | · |a to generate tight frames for homogeneous
anisotropic Besov spaces and homogeneous anisotropic α-modulation spaces.
In the simple inhomogeneous setup on the real line, an α-covering can easily
be obtained from the knots ±nβ , n ∈ N, taking β = 1/(1 − α) for 0 ≤ α < 1,
while in the limiting (Besov) case α = 1, we simply use dyadic knots ±2j , j ∈ N.
Now, in the Besov case, we add the low frequency knots ±2−j , j ∈ N, to obtain
a full decomposition eventually yielding homogeneous Besov spaces. Notice that
the low frequency knots can be considered the image under ξ → 1/ξ of the high
frequency knots. We copy this process for the α-covering obtaining low-frequency
knots±n−β, n ∈ N, that can be seen to satisfy the geometric “rule” |n−β−(n+1)−β| ≍
n−β(2−α), while the high-frequency knots satisfy |(n+ 1)β − nβ| ≍ nαβ .
Inspired by these considerations, we define a general hybrid regulation function
as h˜α
a
(ξ) := ρh1(ξ)+(1−ρ)h2(ξ), where ρ satisfies (12), h1(ξ) = |ξ|
2−α
a
and h2(ξ) = |ξ|
α
a
,
with α ∈ [0, 1] fixed. Observe that the functions h1, h2 satisfy the conditions in (13a),
(13b) and they satisfy the condition of d-moderateness separately. So, according to
Lemma 2.8, h˜α
a
is d-moderate. Note that any covering ball B1 associated with h1
satisfies the following geometric rule:
ξ ∈ B1 ⇒ |ξ|
(2−α)d
a
≍ |B1|.
Whereas any covering ball B2 associated with h2 satisfies
ξ ∈ B2 ⇒ |ξ|
αd
a
≍ |B2|.
In the transition zone between h1(ξ) and h2(ξ), that is, when
2
3
< |ξ|a <
4
3
, the
volume of the covering balls B˜ satisfy |B˜| ≍ 1. With | · |a defined as in Definition
2.1, we use Proposition 3.2 to conclude that h˜α
a
determines one equivalence class of
structured admissible coverings. Let us now consider different values of α ∈ [0, 1]
to see which spaces they give rise to.
The Case α = 1. For the underlying decomposition of Rd\{0} we will use cubes
and corridors. Given a = (a1, . . . , ad) we define the cubes
Qj := {ξ : |ξi| ≤ 2
jai, i = 1, . . . , d}, for j ∈ Z,
and the corridors Kj = Qj\Qj−1 for j ∈ Z. Let E := E
d
2\E
d
1 where E2 = {±1,±2}
and E1 := {±1}. For each j ∈ Z and k ∈ E we define
Pj,k := {ξ ∈ R
d\{0} : sgn(ξi) = sgn(ki), and (|ki| − 1)2
j−1 ≤ |ξi|
1/ai ≤ |ki|2
j−1}.
ThenKj ⊂ ∪k∈EPj,k and the family {Pj,k}j∈Z,k∈E gives an anisotropic decomposition
of Rd\{0}. The cubes Pj,k can be generated by a family of affine transformations T .
Let bj,k be the center of the cube Pj,k, and define the function B : E → R
d×d by
B(k) = diag(h(k)1, . . . , h(k)d), where h(k)i =
{
2−(ai+1) if |ki| = 1,
(1− 2−ai)/2 if |ki| = 2.
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Then the family T = {Tj,k}j∈Z,k∈E given by Tj,kξ = Da(2
j)B(k)ξ + bj,k generates
the sets Pj,k. It can be verified that the covering system T = {Tj,k}j∈Z,k∈E is equiv-
alent to those used for the homogeneous anisotropic Besov spaces, see e.g. [28, p.
223] for the inhomogeneous case. In fact M˙βp,q(h˜
1
a
, | · |a) = B˙
a,β
p,q , so the tight frame
{ηn,j}n∈Zd,j∈J from Section 6 gives an atomic decomposition of B˙
a,β
p,q and (35) in
Proposition 7.2 gives a characterization of the norm on B˙a,βp,q . We refer to Bownik [3]
for a much more detailed study of such Besov-type spaces.
The Case 0 ≤ α < 1. This is a more interesting case as we obtain new fami-
lies of spaces, which we will call homogeneous anisotropic α-modulation spaces.
Since the assumptions of Proposition 3.2 are satisfied we conclude that the space
M˙βp,q(h˜
α
a
, | · |a) is well-defined in the sense that it only depends on the function h˜
α
a
up
to equivalence of norms and is independent of the particular choice of BAPU. Ac-
cording to Proposition 3.2 there exists a structured admissible covering of Rd\{0}
associated with h˜α
a
. However, we do not (in general) know of any explicitly given
structured covering. Nevertheless, we can assume that T = {Aj · +bj}j∈J is one of
the equivalent structured coverings given by Proposition 3.2. Then the tight frame
{ηn,j}n∈Zd,j∈J gives an atomic decomposition of M˙
a,β,α
p,q and (35) in Proposition 7.2
gives a characterization of the norm on M˙a,β,αp,q .
APPENDIX A. PROOF OF SOME TECHNICAL LEMMAS
In this section we state some of the lemmas used throughout this paper.
LemmaA.1. Given p ∈ (0,∞], and an invertible affine transformation Tj := Aj ·+bj .
For a function f ∈ Lp(R
d) let fˆj(ξ) := fˆ(T
−1
j ξ). Then
‖fj‖Lp = |Tj|
1−1/p ‖f‖Lp , 0 < p ≤ ∞.
Proof. If Tj = Aj ·+bj , then fˆj(ξ) = fˆ(A
−1
j (ξ − bj)). By a simple substitution we find
that
fj(x) = |Tj | e
ix·bj f(ATj x). (39)
Taking the Lp-norm of the expression in (39) and substituting once more we obtain
‖fj‖Lp = |Tj |
(∫
Rd
∣∣eix·bj f(ATj x)∣∣p dx)1/p = |Tj|1−1/p ‖f‖Lp .

Lemma A.2. Suppose f ∈ S0(R
d) satisfies supp(fˆ) ⊂ Bd(ξj, δh˜(ξj)) for j ∈ J . Given
an invertible affine transformation Tj , let fˆj(ξ) := fˆ(T
−1
j ξ). Then, for 0 < p ≤ q ≤ ∞
‖fj‖Lq ≤ C|Tj|
1/p−1/q ‖fj‖Lp ,
for some constant C independent of Tj .
ON HOMOGENEOUS DECOMPOSITION SPACES 23
Proof. Using Lemma A.1 and the Plancherel-Polya-Nikol’skij inequality [28, Propo-
sition 1.3.2] we obtain
‖fj‖Lq = |Tj |
1−1/q ‖f‖Lq ≤ |Tj |
1−1/qC ‖f‖Lp
≤ C|Tj|
1/p−1/q ‖fj‖Lp .

APPENDIX B. PROOF OF PROPOSITION 4.2
Here we provide the proof of Proposition 4.2. We begin by recalling that any
sequence of complex numbers satisfies ‖{ak}k‖ℓq1
≤ ‖{ak}k‖ℓq0
for 0 < q0 ≤ q1 ≤ ∞.
Let Q = {Qj}j∈J be a structured admissible covering, 0 < p < ∞ and β ∈ R. An
immediate consequence of the above yields the following embedding
M˙βp,q0(h˜) →֒ M˙
β
p,q1
(h˜), (40)
for 0 < q0 ≤ q1 ≤ ∞.
Proof of Proposition 4.2. We begin by proving the left hand-side of (16). According to
(40) we may assume q < ∞. Take f ∈ S0(R
d) and let N > d/p. We apply Ho¨lder’s
inequality to obtain
‖f‖q
M˙βp,q(h˜)
=
∑
j∈J
h˜(ξj)
βq
∥∥ϕ2j(D)f∥∥qLp ≤ C∑
j∈J
|ξj|
βq
a
∥∥∥(1 + | · |)NF−1ϕ2j fˆ∥∥∥q
L∞
≤ C
∑
j∈J
|ξj|
βq
a
∑
|β|≤N
∥∥∥F−1∂β [ϕ2j fˆ ]∥∥∥q
L∞
≤ C
∑
j∈J
|ξj|
βq
a
∑
|β|≤N
∥∥∥∂β [ϕ2j fˆ ]∥∥∥q
L1
. (41)
We consider the L1-norm in (41) in several steps. First, using Leibniz’s formula
for ∂βϕ2j fˆ we derive ∂
βϕ2j fˆ =
∑
|α+η|=|β|Cα,η∂
αϕ2j · ∂
ηfˆ , for certain constants Cα,η.
Consider first ∂η fˆ . Since f ∈ S0(R
d)we have by (15),
|∂η fˆ(ξ)| ≤ CM
(
|ξ|M + |ξ|−M
)−1
‖f‖M , (42)
for anyM ∈ N. Now, for ∂αϕ2j(ξ)we first recall that
∂αϕ2j(ξ) = ∂
α
Φ2(T−1j ξ)∑
k∈J Φ
2(T−1k ξ)
.
With this expression wemay use the formula in (10). By a similar approach as in the
proof of Proposition 2.5, we use the chain rule to obtain ∂αϕ2j (ξ) =
∑
µ:|µ|=|α| pµ∂
µΦ2,
where pµ are monomials of degree |α| in the entries ofA
−1
j . Now, if j ∈ J2 the entries
in A−1j are uniformly bounded (see the proof of Lemma 5.1). If j ∈ J1 we recall that
h1(ξ) ≥ c0|ξ|
r
a
for some c0 > 0 and r ≥ 1. Thus each entry in A
−1
j is bounded by
|ξj|
−r
a
. Combining this and using (3) it follows that for L > α1rd,∣∣∂αϕ2j(ξ)∣∣ ≤ Cα (|ξ|L + |ξ|−L)χQj (ξ). (43)
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Combining (42) and (43) with the expression in (41) we get
‖f‖q
M˙βp,q(h˜)
≤ C
∑
j∈J
|ξj|
βq
a
∑
|β|≤N
(∫
Rd
∣∣∣∂βϕ2j fˆ(ξ)∣∣∣dξ)q
≤ C
∑
j∈J
|ξj|
βq
a
∑
|α|,|η|≤N
∫
Rd
(∣∣∣∂αϕ2j (ξ) · ∂η fˆ(ξ)∣∣∣)q dξ
≤ C
∑
j∈J
|ξj|
βq
a
∫
Rd
[(
|ξ|L + |ξ|−L
)
χQj (ξ) · ‖f‖M
(
|ξ|M + |ξ|−M
)−1]q
dξ
≤ C ‖f‖qM
∑
j∈J
|ξj|
βq
a
sup
ξ∈Qj
[
(|ξ|M + |ξ|−M)−1/2
∫
Rd
(|ξ|L + |ξ|−L)(|ξ|M + |ξ|−M)−1/2
]q
dξ
≤ C ‖f‖qM
∑
j∈J
|ξj|
βq
a
sup
ξ∈Qj
[
(|ξ|M + |ξ|−M)−1/2
]q
,
for M chosen such that 1
2
M > L + d + 1. We next consider two cases. Recall the
estimates in (2), (3), and note that, since h1, h2 are continuous functions we can
adjust the coefficients c1, c2 appearing in (2) such that these inequalities holds for all
|ξj|a with j ∈ J2. Thus, for j ∈ J2 we increase the value of M , if needed, such that
1
2
M > α1(−β − (d+ 1)/q). Then
‖f‖q
M˙βp,q(h˜)
≤ C ‖f‖qM
∑
j∈J2
|ξj|
βq
a
sup
ξ∈Qj
[
(|ξ|M + |ξ|−M)−1/2
]q
≤ C ‖f‖qM
∑
j∈J2
|ξj|
βq
a
|ξj|
(−β−(d+1)/q)q
a
≤ C ‖f‖qM
∑
j∈J2
|ξj|
−(d+1)
a
≤ C ‖f‖qM . (44)
Now, let j ∈ J1. By increasing the value of M , if needed, we can assume that
1
2
M > α2(rd/q − β). Then
‖f‖q
M˙βp,q(h˜)
≤ C ‖f‖qM
∑
j∈J1
|ξj|
βq
a
sup
ξ∈Qj
[
(|ξ|M + |ξ|−M)−1/2
]q
≤ C ‖f‖qM
∑
j∈J1
|ξj|
βq
a
|ξj|
(rd/q−β)q
a
≤ C ‖f‖qM
∑
j∈J1
|ξj|
rd
a
≤ C ‖f‖qM . (45)
By (44) and (45) we conclude that S0 →֒ M˙
β
p,q(h˜) for anyM satisfying
1
2
M > max{L+
d+ 1, α1(−β − (d+ 1)/q), α2(rd/q − β)}.
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Let us now prove the right-hand side of (16) with q = ∞. Let f ∈ M˙βp,∞(h˜) and
ϑ ∈ S(Rd). Then,
〈f, ϑ〉 =
∑
j∈J
〈
ϕˇ2j ∗ f, ϑ
〉
=
∑
j∈J
〈
ϕ2j fˆ , ϑˆ
〉
=
∑
j∈J
〈
ϕ2j fˆ , ϕ˜
2
j ϑˆ
〉
=
∑
j∈J
〈
F−1(ϕ2j fˆ),F
−1(ϕ˜2j ϑˆ)
〉
,
where we used that ϕ2j ϕ˜
2
j = ϕ
2
j . Since supp(ϕj) is contained in Bd(ξj, δh˜(ξj)), j ∈ J
we use Ho¨lder’s inequality and Lemma A.2 with q =∞ to obtain
|〈f, ϑ〉| ≤
∑
j∈J
∥∥∥F−1(ϕ2j fˆ)∥∥∥
L∞
∥∥∥F−1(ϕ˜2j ϑˆ)∥∥∥
L1
≤ C
∑
j∈J
h˜(ξj)
d/p
∥∥∥F−1(ϕ2j fˆ)∥∥∥
Lp
∥∥∥F−1(ϕ˜2j ϑˆ)∥∥∥
L1
≤ C ‖f‖M˙βp,∞(h˜)
∑
j∈J
h˜(ξj)
−βh˜(ξj)
d/p
∥∥∥F−1(ϕ˜2j ϑˆ)∥∥∥
L1
≤ C ‖f‖M˙βp,∞(h˜) ‖ϑ‖M˙−β+d/p1,1 (h˜)
.
Using that S0(R
d) →֒ M˙
−β+d/p
1,1 (h˜), we obtain
|〈f, ϑ〉| ≤ C ‖f‖M˙βp,∞(h˜) ‖ϑ‖M ,
for sufficiently large M . This proves that M˙βp,∞(h˜) is continuously embedded in
S ′\P . Combining with (40) shows part (1) of Proposition 4.2. Let us now show that
M˙βp,q(h˜) is complete. Let {fn}n∈N be a Cauchy sequence in M˙
β
p,q(h˜). As a consequence
of the above, fn converges in S
′\P to an element f ∈ S ′\P . Applying Fatou’s
Lemma twice we obtain
‖f − fn‖M˙βp,q(h˜) =
(∑
j∈J
(
h˜(ξj)
β
∥∥ϕ2j(D)(f − fn)∥∥Lp)q
)1/q
≤
[
lim inf
m→∞
∑
j∈J
(
h˜(ξj)
β
∥∥ϕ2j (D)(fm − fn)∥∥Lp)q
]1/q
≤ lim inf
m→∞
[∑
j∈J
(
h˜(ξj)
β
∥∥ϕ2j (D)(fm − fn)∥∥Lp)q
]1/q
= lim inf
m→∞
‖fm − fn‖M˙βp,q(h˜) .
This shows that ‖f − fn‖M˙βp,q(h˜) → 0 as n→∞. Moreover, since
‖f‖M˙βp,q(h˜) = ‖f − fn + fn‖M˙βp,q(h˜)
≤ C
(
‖f − fn‖M˙βp,q(h˜) + ‖fn‖M˙βp,q(h˜)
)
<∞,
then f belongs to M˙βp,q(h˜). This proves that M˙
β
p,q(h˜) is complete.
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We finally prove that S0(R
d) is dense in M˙βp,q(h˜) if 0 < p <∞ and 0 < q <∞. Let
f ∈ M˙βp,q(h˜) and set fN (x) =
∑N
j=−N F
−1ϕ2jFf . Then fN ∈ M˙
β
p,q(h˜) and consequently,
‖f − fN‖M˙βp,q(h˜) ≤ c
 ∞∑
|j|>N
(
h˜(ξj)
β
∥∥ϕ2j(D)f∥∥Lp)q
1/q . (46)
By Lebesgue’s dominated convergence theorem, the right hand side of (46) tends
to zero as N → ∞. So fN approximates f in M˙
β
p,q(h˜), and if fN ∈ S0 for all N ∈
N we have shown that any function in M˙βp,q(h˜) can be approximated by functions
in S0(R
d). Otherwise, we need to find (fN)δ ∈ S0(R
d) which approximates fN in
M˙βp,q(h˜). This can be done using convolution with an approximate identity. Suppose
ϕ˜ ∈ S(Rd) satisfies
∫
Rd
ϕ˜(ξ) = 1 and define ϕ˜δ(ξ) := δ
−dϕ˜(d/ξ). Moreover, for δ > 0
we define a smooth ramp function ρδ as
ρδ(ξ) =
{
0 if |ξ|a < δ,
1 if 2δ ≤ |ξ|a.
Let ϕδ(ξ) := ρδ(ξ)ϕ˜δ(ξ) and define
(fN )δ := F
−1{ρδ ∗ ϕ˜δ ∗ F(fN)} = F
−1{ϕ˜δ ∗ (ρδ ∗ F(fN))}.
Then (fN)δ ∈ S0(R
d) approximates fN in Lp(Qj). Since this is also an approximation
of fN in M˙
β
p,q(h˜)we have shown that S0(R
d) is dense in M˙βp,q(h˜). 
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